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Óêàçûâàþòñÿ äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîãî ðå-
øåíèÿ èíòåãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ, çàâèñÿùåãî îò
ìàëîãî ïåðèîäè÷åñêîãî (ïðåäåëüíî ïåðèîäè÷åñêîãî) âîçìóùå-
íèÿ, â ñëó÷àå, êîãäà ðåøåíèÿ ëèíåàðèçîâàííîãî óðàâíåíèÿ àñèì-
ïòîòè÷åñêè óñòîé÷èâû.

Êëþ÷åâûå ñëîâà: èíòåãðîäèôôåðåíöèàëüíûå óðàâíåíèÿ
òèïà Âîëüòåððà, òåîðèÿ êîëåáàíèé, àñèìïòîòè÷åñêàÿ óñòîé÷è-
âîñòü

1. Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ èíòåãðîäèôôå-
ðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà

dx

dt
= Ax+

t∫
0

K(t− s)x(s)ds+ µf(t) + F (x, t),

x ∈ Rn, f = col(f1, ..., fn), F = col(F1, ..., Fn),

(1.1)

â êîòîðîì 0 ≤ µ << 1, A = (aij) − (n × n)-ïîñòîÿííàÿ ìàòðè-
öà, K(t) = (Kij(t)) ∈ C è f(t) ∈ C ïðè t ∈ R+ = {t ∈ R :
t ≥ 0}, F (x, t) - íåïðåðûâíàÿ îãðàíè÷åííàÿ ïî t ∈ R+ ôóíê-
öèÿ, êëàññà C2 ïî x â íåêîòîðîé îêðåñòíîñòè íóëÿ, ïðè÷åì
F (0, t) ≡ 0, F ′

x(x, t)|x=0 ≡ 0. Ôóíêöèþ µf(t) áóäåì ðàññìàòðè-
âàòü êàê âîçìóùåíèå.

Áóäåì ñ÷èòàòü, ÷òî ìàòðèöàK(t) óäîâëåòâîðÿåò íåðàâåíñòâó

∥K(t)∥ ≤ C exp(−βt), C, β = const > 0. (1.2)
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Áóäåì èñïîëüçîâàòü ñëåäóþùèå îïðåäåëåíèÿ.
Îïðåäåëåíèÿ

1.Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíàÿ ôóíêöèÿ φ(t) ïðèíàä-
ëåæèò êëàññó e1(α), ò.å. φ(t) ∈ e1(α), åñëè ïðè t ∈ R+ âûïîë-
íÿåòñÿ íåðàâåíñòâî

∥φ(t)∥ ≤ C exp(αt), C, α = const, C > 0.

2. Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíàÿ íà ìíîæåñòâå
0 ≤ s ≤ t < +∞ ôóíêöèÿ Φ(t, s) ïðèíàäëåæèò êëàññó e2(α),
ò.å. Φ(t, s) ∈ e2(α), åñëè íà ýòîì ìíîæåñòâå ñïðàâåäëèâà
îöåíêà

∥Φ(t, s)∥ ≤ C exp[α(t− s)].

3. Íåïðåðûâíóþ ïðè t ∈ R+ ôóíêöèþ f(t) áóäåì íàçûâàòü
ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîé, ò.å. ïðèíàäëåæà-
ùåé êëàññó lpe(T, α), åñëè

f(t) = fp(t) + fe(t), (1.3)

ãäå fe(t) ∈ e1(α) (α < 0) è íåïðåðûâíàÿ ôóíêöèÿ fp(t) ÿâëÿåòñÿ
ïåðèîäè÷åñêîé ñ ïåðèîäîì T .

4.Äâèæåíèå, îïèñûâàåìîå ôóíêöèåé âèäà (1.3), áóäåì íàçû-
âàòü ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêèì.

Ïî ïðåäïîëîæåíèþ â óðàâíåíèè (1.1) ôóíêöèÿ f(t) è F (x, t)
êàê ôóíêöèÿ t ïðè êàæäîì ôèêñèðîâàííîì x ïðåäñòàâëÿþò ñî-
áîé ôóíêöèè êëàññà lpe(T, α) (α < 0).

Áóäåì ñ÷èòàòü, ÷òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(λEn − A−K∗(λ)) = 0, (1.4)

ãäå K∗(λ) � ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ìàòðèöû K(t), îïðåäå-
ëåííîå â êîìïëåêñíîé ïîëóïëîñêîñòè Reλ > −β, èìååò â ýòîé
ïîëóïëîñêîñòè êîíå÷íîå ÷èñëî êîðíåé λ′

j (j = 1, ..., N ; N ≥ n).
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Ðàññìîòðèì ñëó÷àé, êîãäà êîðíè óðàâíåíèÿ (1.4) óäîâëåòâî-
ðÿþò óñëîâèÿì

Reλ′
j < 0, j = 1, ..., N (1.5)

è, ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå íåâîçìóùåííîãî óðàâíåíèÿ
(ò.å. ïðè µ = 0) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ïóñòü X(t − s) � ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíå-
àðèçîâàííîãî íåâîçìóùåííîãî óðàâíåíèÿ (1.1) ñ íèæíèì ïðå-
äåëîì èíòåãðèðîâàíèÿ s â èíòåãðàëüíîì ÷ëåíå [1], òàêàÿ ÷òî
X(0) = En. Òîãäà ïðè âûïîëíåíèè óñëîâèé (1.5) ñïðàâåäëèâî
íåðàâåíñòâî

∥X(t− s)∥ ≤ C ′ exp[−β′(t− s)], C ′, β′ = const > 0, C ′ ≥ 1.
(1.6)

Íà îñíîâàíèè òåîðåìû î ñóùåñòâîâàíèè ïðåäåëüíî ïåðèîäè-
÷åñêèõ ðåøåíèé [2] èìååì ïðèìåíèòåëüíî ê ðàññìàòðèâàåìîìó
ñëó÷àþ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü äëÿ óðàâíåíèÿ (1.1) âûïîëíåíû óñëîâèÿ
(1.2), (1.6). Òîãäà

1) îáùåå ðåøåíèå óðàâíåíèÿ (1.1) â íåêîòîðîé îêðåñòíîñòè
íóëÿ áóäåò ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêèì;

2) åñëè ôóíêöèÿ F (x, t) àíàëèòè÷åñêàÿ ïî x, òî ýòî ðåøå-
íèå áóäåò ïðåäñòàâëÿòüñÿ ñòåïåííûì ðÿäîì ïî µ è ïðî-
èçâîëüíûì íà÷àëüíûì çíà÷åíèÿì x0 ïåðåìåííîé x ïðè
0 ≤ µ ≤ µ0, ∥x0∥ ≤ δ0 äëÿ íåêîòîðûõ µ0, δ0 > 0.
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2. Óñòîé÷èâîñòü ïðåäåëüíî ïåðèîäè÷åñêîãî ðåøåíèÿ.

Ïóñòü x0(t) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ (1.1) ñ íà÷àëüíûì
çíà÷åíèåì x0. Äëÿ ôóíêöèè F (x, t), îáëàäàþùåé ïðîèçâîäíû-
ìè ïî x â íåêîòîðîé îêðåñòíîñòè íóëÿ, ðåøåíèå x0(t), îáðàùà-
þùååñÿ â íîëü ïðè x0 = 0, ìîæåò áûòü ïðåäñòàâëåíî â âèäå
x0(t) = x0x̃

0(t, x0), ïðè÷åì ôóíêöèÿ x̃0(t, x0) íåïðåðûâíà è îãðà-
íè÷åíà ïî x0 â íåêîòîðîé îêðåñòíîñòè B(x0) òî÷êè x0 = 0 è ïðè-
íàäëåæèò êëàññó lpe(T, α) (α < 0) ïðè êàæäîì ôèêñèðîâàííîì
x0 = 0 èç ýòîé îêðåñòíîñòè.

Ïîëîæèì x0 = µx′
0, ãäå x′

0 � ôèêñèðîâàííûé âåêòîð. Òîãäà
ìîæíî çàïèñàòü

x0(t) = µφ(t, µ),

ãäå φ(t, µ) � íåïðåðûâíàÿ îãðàíè÷åííàÿ ïî t è µ ôóíêöèÿ ïðè
t ∈ R+ è 0 ≤ µ ≤ µ0.

Ââåäåì ïåðåìåííóþ y çàìåíîé x = µφ(t, µ) + y è áóäåì ðàñ-
ñìàòðèâàòü óðàâíåíèå

dy

dt
= Ay +

t∫
0

K(t− s)y(s)ds+ F (µφ(t, µ) + y, t)− F (µφ(t, µ), t).

(2.1)
Ó÷èòûâàÿ ñâîéñòâà ôóíêöèè F (x, t), ïîëîæèì

Φ(t, µ) =
∂F (x, t)

∂x

∣∣∣
x=µφ(t,µ)

, (2.2)

ãäå Φ(t, µ) � ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêàÿ ïî t
ôóíêöèÿ, íåïðåðûâíàÿ îãðàíè÷åííàÿ ïî µ â îáëàñòè èçìåíåíèÿ
ñâîèõ àðãóìåíòîâ.

Ðàññìîòðèì ëèíåéíóþ ÷àñòü óðàâíåíèÿ (2.1):

dy

dt
= Ay +

t∫
0

K(t− s)y(s)ds+ Φ(t, µ)y. (2.3)
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Îòìåòèì, ÷òî ôóíêöèÿ Φ(t, µ) (2.1) òàêîâà, ÷òî íàéäåòñÿ íå
çàâèñÿùàÿ îò t è µ ïîñòîÿííàÿ Φ0 > 0 òàêàÿ, ÷òî ïðè t ∈ R+,
0 ≤ µ ≤ µ0 âûïîëíÿåòñÿ íåðàâåíñòâî

∥Φ(t, µ)∥ ≤ Φ0. (2.4)

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü äëÿ óðàâíåíèÿ (1.1) âûïîëíÿþòñÿ óñëî-
âèÿ (1.2), (1.6) è ïóñòü

Φ0 <
β′

C ′ . (2.5)

Òîãäà

1) ïî ôèêñèðîâàííîìó ÷èñëó ε > 0 íàéäåòñÿ 0 < κ < β′ òà-
êîå, ÷òî âñÿêîå ðåøåíèå y(t) óðàâíåíèÿ (2.3) óäîâëåòâî-
ðÿåò ïðè t ∈ R+ íåðàâåíñòâó

∥y(t)∥ < ε exp(−κt), (2.6)

êîãäà åãî íà÷àëüíîå çíà÷åíèå y(0) = y0 ïîä÷èíåíî îãðàíè-
÷åíèþ

∥y0∥
ε

+
Φ0

β′ − κ
<

1

C ′ . (2.7)

2) ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîå ðåøåíèå óðàâ-
íåíèÿ (1.1) àñèìïòîòè÷åñêè (ýêñïîíåíöèàëüíî) óñòîé÷è-
âî.

Äîêàçàòåëüñòâî òåîðåìû áàçèðóåòñÿ íà ñõåìå, èñïîëüçî-
âàííîé â [1, ñ.127], [3] è íà èíòåãðàëüíîé ôîðìóëå

y(t) = X(t)y0 +

t∫
0

X(t− s)Φ(s, µ)y(s)ds, (2.8)
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ýêâèâàëåíòíîé óðàâíåíèþ (2.3) âìåñòå ñ íà÷àëüíûì óñëîâèåì
y(0) = y0.

Âûáåðåì ñîãëàñíî óñëîâèþ (2.5) ÷èñëî κ (0 < κ < β′), óäî-
âëåòâîðÿþùåå íåðàâåíñòâó

Φ0 <
β′ − κ

C ′ . (2.9)

Ôèêñèðóåì ε > 0 è ïîêàæåì, ÷òî åñëè âåëè÷èíà ∥y0∥ äîñòà-
òî÷íî ìàëà, ò.å. íàéäåòñÿ δ > 0 òàêîå, ÷òî ∥y0∥ < δ, òî ðåøåíèå
y(t) óðàâíåíèÿ (2.3) óäîâëåòâîðÿåò íåðàâåíñòâó (2.6), åñëè íà-
÷àëüíîå çíà÷åíèå y0 ïîä÷èíåíî óñëîâèþ (2.7).

Ïðåäïîëîæèì, ÷òî íåðàâåíñòâî (2.6) èìååò ìåñòî ëèøü ïðè
0 ≤ t < t0, à ïðè t = t0 âûïîëíÿåòñÿ ðàâåíñòâî

∥y(t0)∥ = ε exp(−κt0).

Òîãäà ñîãëàñíî ñîîòíîøåíèÿì (1.6), (2.4) � (2.9) ïîëó÷àåì
îöåíêè

∥y(t0)∥ = ε exp(−κt0) ≤

≤ ∥X(t0)∥∥y0∥+
t0∫
0

∥X(t0 − s)∥Φ0∥y(s)∥ds ≤

≤ C ′ exp(−β′t0)∥y0∥+ C ′

t0∫
0

exp[−β′(t0 − s)]Φ0ε exp(−κs)ds <

< C ′ exp(−κt0)
(
∥y0∥+

εΦ0

β′ − κ

)
< ε exp(−κt0),

ò. å. ïîëó÷àåì ïðîòèâîðå÷èå. Òàêèì îáðàçîì, íåðàâåíñòâî (2.6)
ñïðàâåäëèâî äëÿ âñåõ 0 ≤ t < +∞ è èìååò ìåñòî ýêñïîíåíöèàëü-
íàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåàðèçîâàííîé ñèñòåìû.
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Åñëè äëÿ óðàâíåíèÿ (2.3) Y ∗(t) (Y ∗(0) = En) � ôóíäàìåí-
òàëüíàÿ ìàòðèöà ðåøåíèé, àíàëîãè÷íàÿ X(t), òî ñîãëàñíî ñîîò-
íîøåíèþ (2.6) ñïðàâåäëèâî íåðàâåíñòâî

∥Y ∗(t)∥ ≤ C∗ exp(−κt), C∗ = const > 0; (2.10)

ïðè÷åì ïîñòîÿííàÿ κ ïîä÷èíåíà óñëîâèþ (2.7).

Ñëåäîâàòåëüíî, äëÿ íåëèíåéíîãî óðàâíåíèÿ (2.1) ïðè âûïîë-
íåíèè óñëîâèé (1.6), (2.4), (2.5), (2.7), ÿâëÿþùèõñÿ äîñòàòî÷-
íûìè äëÿ òîãî, ÷òîáû èìåëà ìåñòî îöåíêà (2.10), ñïðàâåäëèâà
òåîðåìà îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ [4] è ðàñ-
ñìàòðèâàåìîå ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèîäè÷åñêîå ðåøå-
íèå àñèìïòîòè÷åñêè (ýêñïîíåíöèàëüíî) óñòîé÷èâî.

Óêàçàííûå íåðàâåíñòâà ñîâìåñòíî ñ îöåíêîé èññëåäóåìîãî
ðåøåíèÿ, êîòîðàÿ ïîëó÷àåòñÿ ìåòîäîì ìàæîðàíòíûõ ôóíêöèé
[5] òàê æå, êàê â [4], ïîçâîëÿþò äàòü îöåíêó îáëàñòè ïðèòÿæå-
íèÿ.

3. Îöåíêà îáëàñòè ïðèòÿæåíèÿ. Ðàññìîòðèì â êà÷åñòâå
ïðèìåðà âðàùàòåëüíûå êîëåáàíèÿ âàëà â âÿçêîóïðóãèõ îïîðàõ
ïîä äåéñòâèåì ñèëû òÿæåñòè ñ ìîìåíòîì

Mg = −M sinϑ, M = const > 0

è âÿçêîóïðóãèõ ñèë, äåéñòâóþùèõ â îïîðàõ è çàäàííûõ ëèíåé-
íûì èíòåãðàëüíûì îïåðàòîðîì Âîëüòåððà [6]

Mv = −kϑ+

t∫
0

K ′(t− s)ϑ(s)ds, k = const > 0, K ′(t) ∈ C,

à òàêæå ìàëûõ âèáðàöèîííûõ ñèë ñ ìîìåíòîì µf(t) � ïåðèîäè-
÷åñêîé ôóíêöèåé, µ << 1.
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Âàë ñîâåðøàåò âðàùàòåëüíûå äâèæåíèÿ âîêðóã ãîðèçîí-
òàëüíîé îñè OO1 è ìîäåëèðóåòñÿ âûòÿíóòûì òâåðäûì òåëîì,
â êîíöû êîòîðîãî æåñòêî çàäåëàíû äâå âÿçêîóïðóãèå îïîðû, à
âòîðûå êîíöû îïîð ôèêñèðîâàíû â íåïîäâèæíîì ïðîñòðàíñòâå.
Ìàññàìè îïîð ïðåíåáðåãàåì.

Óãîë ϑ ïîâîðîòà òåëà îòñ÷èòûâàåòñÿ îò âåðòèêàëè. Ðàññìàò-
ðèâàåòñÿ îêðåñòíîñòü íèæíåãî óñòîé÷èâîãî ïîëîæåíèÿ ðàâíî-
âåñèÿ (â îòñóòñòâèå âèáðàöèîííûõ ñèë).

Ïðîäåìîíñòðèðóåì íà äàííîì ïðèìåðå âîçìîæíûé ñïîñîá
îöåíêè îáëàñòè ïðèòÿæåíèÿ ýêñïîíåíöèàëüíî ïðåäåëüíî ïåðèî-
äè÷åñêîãî äâèæåíèÿ, îòâå÷àþùåãî ñîîòâåòñòâóþùåìó ðåøåíèþ
óðàâíåíèÿ äâèæåíèÿ âàëà

Jϑ̈+ kϑ−
t∫

0

K ′(t− s)ϑ(s)ds+M sinϑ− µf(t) = 0, (3.1)

ãäå J � ìîìåíò èíåðöèè òåëà îòíîñèòåëüíî îñè OO1.
Áóäåì ñ÷èòàòü, ÷òî âñå êîðíè λi õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ
Jλ2 + (k +M)λ−K∗(λ) = 0,

ãäå K∗(λ) � ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ôóíêöèè K ′(t), èìåþò
îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè.

Ïîëîæèì x1 = ϑ̇, x2 = ϑ è ïðåäñòàâèì óðàâíåíèå (3.1) â
âèäå ñèñòåìû, äëÿ êîòîðîé ìàòðèöó ôóíäàìåíòàëüíîé ñèñòåìû
ðåøåíèé îäíîðîäíîãî ëèíåéíîãî ïðèáëèæåíèÿ ñ íèæíèì ïðå-
äåëîì s èíòåãðèðîâàíèÿ îáîçíà÷èì, êàê è ðàíåå, ÷åðåç X(t−s).

Äëÿ ìàòðèöû X(t) ñïðàâåäëèâî íåðàâåíñòâî

∥X(t)∥ ≤ C ′ exp(−β′t), C ′, β′ = const > 0. (3.2)

Ïóñòü x0(t) = col(x0
1(t), x

0
2(t)) � ýêñïîíåíöèàëüíî ïðåäåëüíî

ïåðèîäè÷åñêîå ðåøåíèå, ñóùåñòâóþùåå ñîãëàñíî [2] è óäîâëåòâî-
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ðÿþùåå óðàâíåíèþ (3.1), çàïèñàííîìó â èíòåãðàëüíîé ôîðìå:

x(t) = X(t)x0 +

t∫
0

X(t− s)(F (x(s)) + µf ′(s))ds, (3.3)

ãäå
F (x) = col(F1, 0), F1 = −M1(sinx2 − x2),

M1 = M/J, f ′(x) = col(f(t)/J, 0)

è x0 = col(ϑ̇0, ϑ)0 � íà÷àëüíîå çíà÷åíèå.
Îáîçíà÷èì ÷åðåç u = col(u1, u2) ìàæîðàíòó ôóíêöèè x, ïî-

ñòðîåííóþ â âèäå ñòåïåííîãî ðÿäà ïî x0, µ, è ÷åðåç F ∗
1 (x2) �

ìàæîðàíòó Ëÿïóíîâà [5, 4] ôóíêöèè F1(x2), â êà÷åñòâå êîòîðîé
âîçüìåì F ∗

1 (x2) = M1x
3
2/6.

Ñîñòàâèì íà îñíîâàíèè (3.3) òàêèì æå ñïîñîáîì, êàê â [4],
ìàæîðèðóþùèå óðàâíåíèÿ, ïðèíèìàÿ âî âíèìàíèå íåðàâåíñòâî
(3.2) è îãðàíè÷åííîñòü ôóíêöèè f(t),

∥f(t)∥ ≤ f0, f0 = const > 0, t ∈ R+.

Èìååì óðàâíåíèÿ

u2 = C ′(|ϑ̇0|+ |ϑ0|) + C ′M1
u3
2

6β′ + µφ∗, u1 = u2, (3.4)

ãäå φ∗ = f0C
′/(β′J). Óðàâíåíèÿ (3.4) îïðåäåëÿþò u1, u2 â âèäå

ñõîäÿùèõñÿ ñòåïåííûõ ðÿäîâ ïî ìàëûì âåëè÷èíàì |ϑ̇0|, |ϑ0|, µ.
Ââåäåì â ðàññìîòðåíèå ïîñòîÿííûå u0

1, u
0
2, v0 è ìàæîðàíòó v,

ïîëàãàÿ

ϑ̇0 = µu0
1, ϑ0 = µu0

2,

v0 = C ′(|u0
1|+ |u0

2|) + φ∗, u2 = µ(v0 + v).
(3.5)
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Òîãäà íà îñíîâàíèè (3.4) ïîëó÷àåì ìàæîðèðóþùåå óðàâíå-
íèå

v = µ2C
′M1

6β′ (v0 + v)3, (3.6)

èç êîòîðîãî v îïðåäåëÿåòñÿ â ôîðìå ñòåïåííîãî ðÿäà ïî µ. Ðàäè-
óñ ñõîäèìîñòè µ0 ýòîãî ðÿäà íàõîäèòñÿ êàê ðåøåíèå óðàâíåíèÿ
(3.6) è ñîîòíîøåíèÿ [5], ïîëó÷àåìîãî äèôôåðåíöèðîâàíèåì ïî
v óðàâíåíèÿ (3.6),

1 = µ2C
′M1

2β′ (v0 + v)2. (3.7)

Ñîîòíîøåíèå (3.7) äàåò çíà÷åíèå

v =
α0

µ
− v0, α0 =

( 2β′

C ′M1

) 1
2
, (3.8)

ïîäñòàâèâ êîòîðîå â óðàâíåíèå (3.6), ïîëó÷àåì

v =
1

2
v0. (3.9)

Ñëåäîâàòåëüíî, íà îñíîâàíèè (3.6), (3.8) íàõîäèì

µ0 =
2α0

3v0
, ò. å. µ0 =

2α0

3[C ′(|u0
1|+ |u0

2|) + φ∗]
, (3.10)

è ñòåïåííîé ðÿä ïî µ äëÿ v(µ) ñõîäèòñÿ ïðè 0 ≤ µ ≤ µ0.
Èòàê, ó÷èòûâàÿ (3.5), (3.9), (3.10), äëÿ u2 ïîëó÷àåì îöåíêó

u2 ≤
3

2
µ0v0 = α0. (3.11)

Â êà÷åñòâå ïîñòîÿííîé Φ0 ââèäó ñîîòíîøåíèÿ (2.2) âîçüìåì
âåëè÷èíó

Φ0 = M1.
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Âû÷èñëèì îöåíêó îáëàñòè ïðèòÿæåíèÿ äëÿ ïðåäåëüíî ïåðè-
îäè÷åñêîãî ðåøåíèÿ x0(t) = col(x0

1(t), x
0
2(t)).

Ïîëîæèì x1 = x0
1(t) + y1 x2 = x0

2(t) + y2. Äëÿ âîçìóùåíèÿ
y = col(y1, y2) èìååì óðàâíåíèå â ôîðìå (2.1)

dy

dt
= Ay +

t∫
0

K(t− s)y(s)ds+ Φ(t, µ)y + F ′(x0(t) + y),

ãäå F ′ = col(F ′
1(x

0
2(t)+y2), 0) è F ′

1(x
0
2(t)+y2) � ñòåïåííîé ðÿä ïî y2

ôóíêöèè F1(x
0
2(t) + y2), íà÷èíàþùèéñÿ ñ êâàäðàòè÷íîãî ÷ëåíà,

A è Φ(t, µ) � èçâåñòíûå ìàòðèöû ñîãëàñíî óðàâíåíèþ (3.1).
Ïóñòü w = col(w1, w2) � ìàæîðàíòà ôóíêöèè y, ãäå w1 >> y1,

w2 >> y2.
Ìàæîðàíòó V ôóíêöèè F1(x

0
2(t) + y2), èñïîëüçóÿ ðàíåå ââå-

äåííóþ ìàæîðàíòó äëÿ ôóíêöèè sinx, âîçüìåì â âèäå

V =
M1

6
(w3

2 + 3w2
2u2),

ãäå ìàæîðàíòà u2 ôóíêöèè x0
2(t) ïîä÷èíåíà íåðàâåíñòâó (3.11).

Äëÿ ìàæîðàíòû w2 ââèäó íåðàâåíñòâà (2.6) èìååì óðàâíåíèå

w2 = ε(|y01|+ |y02|) +
M1

6κ
(w3

2 + 3w2
2u2), (3.12)

ãäå y01, y
0
2 � íà÷àëüíûå çíà÷åíèÿ ôóíêöèé y1, y2.

Ãðàíèöà îáëàñòè èçìåíåíèÿ ìàëîé âåëè÷èíû y∗

y∗ = ε(|y01|+ |y02|)

(ïîñêîëüêó |y01|, |y02| ìàëû) îïðåäåëÿåòñÿ [5] ñîîòíîøåíèåì

1 =
M1

2κ
(w2

2 + 2w2u2) (3.13)
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ñîâìåñòíî ñ óðàâíåíèåì (3.12). Âû÷èòàÿ èç (3.12) ñîîòíîøåíèå
(3.13), óìíîæåííîå íà 1

3
w2, ïîëó÷àåì ðàâåíñòâî

2

3
w2 = ε(|y01|+ |y02|) +

M1

6κ
w2

2u2. (3.14)

Èñêëþ÷èâ w2
2 èç (3.13) è (3.14), ïîëó÷àåì ëèíåéíîå ñîîòíî-

øåíèå, èç êîòîðîãî íàõîäèì w2:

w2 =
κ(u2 + 3y∗)

2κ+M1u2
2

. (3.15)

Ïîäñòàâëÿÿ çíà÷åíèå w2 (3.15) â (3.14) è ïîëàãàÿ

κ̃ =
κ

2κ+M1u2
2

, (3.16)

ïðèõîäèì ê óðàâíåíèþ îòíîñèòåëüíî y∗ :

9κ̃2u2M1y
∗2 + (6κ− 12κκ̃+ 6M1κ̃

2u2
2)y

∗ + κ̃2M1u
3
2 − 4κκ̃u2 = 0.

(3.17)
Ïîëîæèòåëüíîå ðåøåíèå y∗+ óðàâíåíèÿ (3.17), ó÷èòûâàÿ (3.16),

ìîæíî ïðåäñòàâèòü ïîñëå ïðåîáðàçîâàíèé òàêèì îáðàçîì:

y∗+ = −u2

3κ
(3κ+M1u

2
2) +

(2κ+ u2
2M1)

3
2

3κM
1
2
1

èëè â äðóãîé ôîðìå:

y∗+ =
κ

3B
(8κ+M1u

2
2),

B = M1u2(3κ+M1u
2
2) + (2κ+M1u

2
2)

3
2

√
M1.

(3.18)

Òàêèì îáðàçîì, èìååì îöåíêó äëÿ èçìåíåíèÿ íà÷àëüíûõ çíà-
÷åíèé

|y01|+ |y02| <
y∗+
ε
, (3.19)
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è, êðîìå òîãî, îäíîâðåìåííî äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî,
âûòåêàþùåå èç óñëîâèÿ (2.7):

|y01|+ |y02| <
ε

C ′ −
εΦ0

β′ − κ
. (3.20)

Íåðàâåíñòâî (3.20) ìîæåò áûòü óäîâëåòâîðåíî, íàïðèìåð,
âûáîðîì ìàëîé âåëè÷èíû M â âûðàæåíèè Φ0 = M/J , ò.å. ïðè
óñëîâèè, ÷òî öåíòð ìàññ âàëà ðàñïîëîæåí âáëèçè îò îñè âðàùå-
íèÿ.

Ïîäñòàâèâ â ôîðìóëó (3.18) ìàêñèìàëüíîå çíà÷åíèå u2 = α0

ñîãëàñíî (3.11), (3.8) è îáîçíà÷åíèÿì â ôîðìóëå (3.3), ïîëó÷èì
äëÿ ìàêñèìàëüíîãî çíà÷åíèÿ y∗ âåëè÷èíû y∗+ âûðàæåíèå

y∗ =
κ

3B∗

(
8κ+

2β′

C ′

)
,

B∗ =
(M
J

) 1
2
[(2β′

C ′

) 1
2
(
3κ+

2β′

C ′

)
+
(
2κ+

2β′

C ′

) 3
2
]
.

(3.21)

Ïîñòîÿííàÿ C ′, âõîäÿùàÿ â ñîîòíîøåíèÿ (3.19) � (3.21), òðå-
áóåò îòäåëüíîãî îïðåäåëåíèÿ ëèáî ÷èñëåííî, ëèáî àíàëèòè÷å-
ñêè. Íàïðèìåð, äëÿ ìàëûõ èíòåãðàëüíûõ ÿäåð K(t) ýòî ìîæåò
áûòü îñóùåñòâëåíî ïóòåì ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ëèíåéíî-
ãî óðàâíåíèÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (èëè â
âèäå ðÿäà ïî ìàëîìó ïàðàìåòðó) è ïîñëåäóþùåãî ìàæîðèðîâà-
íèÿ ýòîãî ðåøåíèÿ, êàê ýòî áûëî ïðîäåëàíî âûøå.

Îöåíêà (3.19) äîëæíà âûïîëíÿòüñÿ íàðÿäó ñ óñëîâèåì (3.20),
íàëîæåííûì íà ëèíåàðèçîâàííîå óðàâíåíèå. Ïðè ýòîì îñòàþòñÿ
ñâîáîäíûìè ïàðàìåòðû ε, κ, µ, âûáîðîì êîòîðûõ (ïðè çàäàííîé
C ′) ìîæíî ðàñïîðÿäèòüñÿ äëÿ ðàñøèðåíèÿ îöåíêè.

Äëÿ èçìåíåíèÿ ïàðàìåòðà µ ââèäó (3.8), (3.10) èìååì ñëåäó-
þùèé èíòåðâàë:

0 ≤ µ < µ0 =
1

3
√
M

(2β′J

C ′

) 3
2
[(|u0

1|+ |u0
2|)β′ + f0]

−1.
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